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EQUILIBRIUM ENERGY EQUILIBRIUM ENERGY 
DISTRIBUTION FUNCTIONDISTRIBUTION FUNCTION

In condition of In condition of 
“seldom” collisions“seldom” collisions
This is followed by a This is followed by a 
sharp temperature sharp temperature 
dependence of the dependence of the 
rate constants of rate constants of 
barrier and adiabatic barrier and adiabatic 
processesprocesses

ff((εε ) ~ exp() ~ exp(--εε//TT)) ––
MaxwellianMaxwellian functionfunction
kk ~ exp[~ exp[--∆∆ЕЕ/T/T]]
((ArreniusArrenius) for barrier ) for barrier 
processesprocesses
kk ~ exp[~ exp[--((TToo/T/T)1/3] )1/3] 
((LandauLandau--TellerTeller) ) –– for for 
adiabatic processesadiabatic processes



AS THE ELASTIC COLLISION AS THE ELASTIC COLLISION 
FREQUENCY RISES THE QUANTUM FREQUENCY RISES THE QUANTUM 

UNCERTAINTY OF ENERGY INREASESUNCERTAINTY OF ENERGY INREASES
∆ε∆ε ~ ~ ħħννel el = = ħħNkNkel el 

N N is the densityis the density of the mediumof the medium
kkel el is the elastic scattering rate constantis the elastic scattering rate constant
The quantum corrections are notable at the The quantum corrections are notable at the 
conditioncondition

∆ε∆ε ~ T~ T
oror

NN ≥≥ T/T/ħħkkelel,,
i.e. at elevated pressures and moderate i.e. at elevated pressures and moderate 
temperaturetemperature



Momenta distribution function of Momenta distribution function of 
particles with taking account the particles with taking account the 

quantum correctionquantum correction
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nn((EE) ) is the population numbersis the population numbers,,
εεрр = = рр22/2/2mm is the kinetic energyis the kinetic energy, , 
γγ ~ ~ ħνħν is the collision widthis the collision width, , 
νν is the collision frequencyis the collision frequency, , 
∆∆ is the density shift of the energyis the density shift of the energy



Momenta distribution function of Momenta distribution function of 
particles with taking account the particles with taking account the 

quantum correctionquantum correction
In particular, for electrons in equilibrium In particular, for electrons in equilibrium 
statestate
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Momenta distribution function of Momenta distribution function of 
particles with quantum correctionparticles with quantum correction

The momenta distribution function of particles The momenta distribution function of particles 
is the result of integration of is the result of integration of ff((EE,,pp) over the ) over the 
energies:energies:

( ) ( , )f dEf E= ∫p p



Momenta distribution function of Momenta distribution function of 
particles in a rarefied gasparticles in a rarefied gas

In this case the collision width In this case the collision width γγ of the of the 
spectral function spectral function δδγγ ((EE-- εεрр) ) is a negligible is a negligible 
i. e. the function is close to the i. e. the function is close to the δδ––
functionfunction. . This results inThis results in: : 

which is the which is the maxwellianmaxwellian momenta momenta 
distribution function of particles
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Momenta distribution function (MDF) of Momenta distribution function (MDF) of 
particles in the case of a gas of a particles in the case of a gas of a 

specific densityspecific density
MDF in a high momenta region MDF in a high momenta region εεpp >> {>> {TT, , 
γγ, ∆} , ∆} along with the resonant, along with the resonant, 
maxwellianmaxwellian item contains also a poweritem contains also a power--
like correctionlike correction
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AsimptoticAsimptotic representation for representation for ff((pp) ) within within 
the frame of the frame of LorentzLorentz gas modelgas model

Specifically for the electronic gas Specifically for the electronic gas σσtt ~ ~ 
((εεpp))--22 so that the momenta dependence so that the momenta dependence 
of the quantum correction has the form of the quantum correction has the form ~ ~ 
рр--88
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High density plasma
In In RostockRostock university (BRD, university (BRD, M.BonitzM.Bonitz, , 
D.SemkatD.Semkat) have developed numerical ) have developed numerical 
codes for computing distribution function, codes for computing distribution function, 
using the using the KadanoffKadanoff--BaymBaym equationsequations



High density plasma 
Our calculations give the same momenta Our calculations give the same momenta 
distribution of electrons for the same conditionsdistribution of electrons for the same conditions



High density plasma 

The reaction rate constant for the The reaction rate constant for the LorentzLorentz gas model gas model 
expression with taking into account quantum effects expression with taking into account quantum effects 
in high density plasmas has the following form:in high density plasmas has the following form:

( ) ( ) ×−∫
2

,',)(1)('~ EppfIEnEnpdpdEdAkn ijije
GG∓GG

)()( 'pp IEE εδεδ γγ −−× ∓

Here Here ««--»» or or ««++»» correspond to the processes with the correspond to the processes with the 
absorption or release of energy amount I;absorption or release of energy amount I;
ffiijj is the scatteringis the scattering amplitude for the processamplitude for the process ii––jj..



VT relaxation of diatomic moleculesVT relaxation of diatomic molecules
The probability of aThe probability of a VT transition is expresseVT transition is expresse

through the Massey parameter through the Massey parameter МеМе
PPVTVT((vv) ~ exp() ~ exp(--cMcMее) = exp () = exp (--cbω/vcbω/v) << 1. ) << 1. 
HereHere
МеМе~b~bωω/v~(b/v~(bµµ1/21/2)/(m)/(m1/21/2TT1/21/2)>>1,)>>1, ifif µµ/m ~ 1/m ~ 1
ωω is the molecular vibration frequencyis the molecular vibration frequency,,
bb is the range of action of interis the range of action of inter--molecular molecular 

forces forces 
vv is the collision velocity is the collision velocity 



The relative contribution of the quantum The relative contribution of the quantum 
correction into the VTcorrection into the VT relaxation rate relaxation rate 

constantconstant
The total VTThe total VT relaxation rate constantrelaxation rate constant

The quantum correctionThe quantum correction
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The relative contribution of the The relative contribution of the 
quantum correction into the VTquantum correction into the VT

relaxation rate constantrelaxation rate constant

HereHere is the is the 
characteristic temperature; characteristic temperature; θθ = = ħωħω..

For nitrogen the contribution of the For nitrogen the contribution of the 
correction is correction is 
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Comparison with experiment for NComparison with experiment for N22

11--7 7 are the are the 
experimental data;experimental data;
88 is calculation by the is calculation by the 
LandauLandau--Teller modelTeller model
99 is the temperature is the temperature 
dependence of dependence of kkVTVT

with taking account with taking account 
the quantum the quantum 
correctioncorrection



Thermonuclear fusion reactionThermonuclear fusion reaction

d + d → t + pd + d → t + p
In this case the reaction proceeds In this case the reaction proceeds 
through the underthrough the under--barrier tunneling and barrier tunneling and 
the velocity dependence of the cross the velocity dependence of the cross 
section has the following form:section has the following form:
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Thermonuclear fusion reactionThermonuclear fusion reaction

HereHere

is the is the GamovGamov factor;factor;

S(S(εεpp) is the astrophysical factor) is the astrophysical factor
The correction is calculated by the The correction is calculated by the 
averaging the cross section over the MDFaveraging the cross section over the MDF
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Momenta distribution function of Momenta distribution function of 
particles in particles in dddd experimentexperiment

The quantum correction is represented by The quantum correction is represented by 
the second itemthe second item
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Energy dependence of the Energy dependence of the 
astrophysical factor of astrophysical factor of dddd--reactionreaction

The theoretical The theoretical 
dependences have dependences have 
been obtained with been obtained with 
taking account the taking account the 
quantum correction quantum correction 
and the effect of and the effect of 
screening of screening of 
deuterium nuclei with deuterium nuclei with 
free electrons of the free electrons of the 
metal targetmetal target



Monte-Carlo simulations 
The Monte Carlo simulation had been carried out The Monte Carlo simulation had been carried out 

for real particles fusion reactions rates for real particles fusion reactions rates 
calculation.calculation.
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The relative contribution of the quantum The relative contribution of the quantum 
correction into the rate constant of correction into the rate constant of dddd

reactionreaction
Energy, Energy, keVkeV
1515
55
22
1,81,8
1,51,5
1,21,2
1

KKququ/k/ktottot, %, %
<<11
33
8,38,3
10,710,7
3030
95,495,4
99,71 99,7



Simplifications of the expression 
for the reaction rate constant

In the case of mono-energy beam:
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In the case of ideal plasma:
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Quantum correction in the case of 
non-Maxwellian distribution function:

The momenta distribution function asymptotically contains the 
power-like tail:
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Using this expression, it is possible to calculate the reaction rate for non-
Maxwellian distribution function:
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ConclusionsConclusions
The quantum powerThe quantum power--like tails of like tails of 
the MDF accelerate the processesthe MDF accelerate the processes
VT relaxation in molecular gases,VT relaxation in molecular gases,
Thermonuclear fusion,Thermonuclear fusion,
High pressure chemical reactions.High pressure chemical reactions.
A new approach to calculation of A new approach to calculation of 
the reaction rate constantsthe reaction rate constants has has 
been proposedbeen proposed


